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Abstract
In this thesis, we consider various problems on the representations of binary
quadratic forms by positive definite quinary quadratic forms. A (positive
definite integral) quadratic form is called almost 2-universal if it represents
all (positive definite integral) binary quadratic forms but finitely many up to
isometry. We prove that three candidates of almost 2-universal quinary diag-
onal quadratic forms are indeed almost 2-universal. We also prove that there
are at most 16 almost 2-universal quinary quadratic forms having exactly only
one exception, and prove the almost 2-universalities of some candidates. A
(positive definite integral) quadratic form is called diagonally 2-universal if
it represents all (positive definite integral) binary diagonal quadratic forms.
We prove that there are at most 34 diagonally 2-universal quinary quadratic
forms, and prove the diagonally 2-universalities of 29 candidates among them.
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A (positive definite integral) quadratic form is called n-universal if it repre-
sents all (positive definite integral) quadratic forms of rank n. In particular,
if n is 1, then we simply say universal. The famous Lagrange’s four square
theorem states that the quaternary quadratic form x2+y2+z2+t2 is universal.
After Lagrange theorem, a number of universal quadratic forms have been
found by many authors (see, for example, [19] and [20]). In 2002, Conway
Schneeberger proved that there are exactly 204 (classically integral) univer-
sal quaternary quadratic forms. Furthermore, they proved the so-called ”15-
theorem,” which states that every positive definite integral quadratic form
that represents
1, 2, 3, 5, 6, 7, 10, 14, and 15
is, in fact, universal, regardless of its rank (see [1], and [2] for non-classic
case).
Hereafter, we always assume that every quadratic form is positive definite
and classically integral, unless stated otherwise.
In 1926, Kloosterman [11] determined all diagonal quaternary quadratic
forms that represent all sufficiently large integers, which we call almost uni-
versal forms, although he did not succeed in proving the almost universal-
ity of four candidates. Later Pall [17] proved the almost universalities for
the remaining four quadratic forms, and in fact, there are exactly 199 almost
universal quaternary diagonal quadratic forms that are anisotropic over some
ring of p-adic integers. Furthermore Pall and Ross [18] proved that there ex-
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ist only finitely many almost universal quaternary quadratic forms that are
anisotropic over some ring of p-adic integers. On the other hand, they proved
that every quaternary quadratic form L such that Lp := L ⊗ Zp represents
all p-adic integers and is isotropic over Zp for all primes p is almost universal
(see also Theorem 2.1 of [5]). Therefore there are infinitely many almost
universal quaternary quadratic forms. Recently, Bochnak and Oh gave in [3]
a very effective criterion on whether or not a quaternary quadratic form is
almost universal.
As a natural generalization to higher rank case, M.-H. Kim and his col-
laborators proved in [8] that there are exactly eleven 2-universal quinary
quadratic forms. Furthermore, they proved that any positive definite quadratic
forms that represents
x2+y2, 2x2+3y2, 3x2+3y2, 2x2+2xy+2y2, 2x2+2xy+3y2, 2x2+2xy+4y2
is, in fact, 2-universal. For the minimal ranks of n-universal quadratic forms,
see [14].
As a generalization of a result of Halmos [4] on almost universal quater-
nary diagonal quadratic forms with only one exception, Hwang [6] proved
that there are exactly 3 quinary diagonal quadratic forms that represents all
binary quadratic forms except only one. In [13], Oh proved that there exist
only finitely many quinary quadratic forms that represent all but at most
finitely many equivalence classes of binary quadratic forms. Such quadratic
forms are called almost 2-universal quadratic forms. And he provided a list
of almost 2-universal quinary diagonal quadratic forms, including 3 uncon-
firmed candidates.
In this thesis, we consider various problems on the representations of
binary quadratic forms by quinary quadratic forms.
In Chapter 2, we introduce some definitions and well-known theorems
on quadratic forms. We briefly summarize some well-known results on the
representations of quadratic forms. We also explain our method on finding all
binary quadratic forms that are represented by a quinary quadratic form that




In Chapter 3, we show that there are exactly 14 almost 2-universal quinary
diagonal quadratic forms by proving that 3 candidates in [13] of almost 2-
universal quinary diagonal quadratic forms are, in fact, almost 2-universal.
We also prove that there are at most 16 almost 2-universal quinary quadratic
forms having exactly only one exception, and prove the almost 2-universalities
of some candidates.
In Chapter 4, we consider the quadratic forms which represents all binary
diagonal quadratic forms. Such quadratic forms are called diagonally 2-
universal. We prove that there are at most 34 diagonally 2-universal quinary




Preliminaries and main tools
2.1 Definitions
We adopt lattice theoretic language. Let Q be the rational number field. For
a prime p (including ∞), let Qp be the fields of p-adic completions of Q, in
particular Q∞ = R, field of real numbers. For a finite prime p, Zp denotes
the p-adic integer ring. Let R be the ring of integers Z or the ring of p-adic
integers Zp. An R-lattice L is a free R-module of finite rank equipped with a
non-degenerate symmetric bilinear form B : L× L→ R. The corresponding
quadratic map is denoted by Q. For a R-lattice L = Re1 +Re2 + · · ·+Ren






For R-sublattices L1, L2 of L, we write L = L1 ⊥ L2 when L = L1 ⊕ L2
and B(v1,v2) = 0 for all v1 ∈ L1, v2 ∈ L2. If L admits an orthogonal basis
{e1, e2, · · · , en}, we call L diagonal and simply write
L =
〈
Q(e1), Q(e2), · · · , Q(en)
〉
.
We call L non-diagonal otherwise. Define the discriminant dL of L to be the




. Note that dL is independent of the
choice of a basis up to unit squares of R. We define scale sL of L to be the
ideal of R generated by B(v,w) for all v,w ∈ L, norm nL of L to be the
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ideal of R generated by Q(v) for all v ∈ L. For a ∈ R×, we denote by La
the R-lattice obtained from scaling L by a.
Let `, L be R-lattices. We say L represents ` if there is an injective linear
map from ` into L that preserves the bilinear form, and write ` −→ L. Such
a map will be called a representation. A representation is called isometry if it
is surjective. We say two R-lattices L,K are isometric if there is an isometry
between them, and write L ' K.
For a Z-lattice L and a prime p, we define the Zp-lattice Lp := L⊗Zp and
call it the localization of L at p. The set of all Z-lattices that are isometric
to L is called the class of L, denoted by cls(L). The set of all Z-lattices
K such that Lp ' Kp for all primes p (including ∞) is called genus of L,
denoted by gen(L). The number of non-isometric classes in gen(L) is called
the class number of L, denoted by h(L). If a Z-lattice ` is represented by one
of Z-lattices in the genus of L, then we write ` −→ gen(L).
For a Z-lattice L, we say that L is positive definite or simply positive
if Q(v) > 0 for any v ∈ L, v 6= 0. Let L be a positive definite Z-lattice.
L is called n-universal if L represents all n-ary positive definite Z-lattices.
And L is called almost n-universal if L represents all n-ary positive definite
Z-lattices except those in only finitely many equivalence classes. For a fixed
prime p, L is called n-universal over Zp if its localization Lp represents all
n-ary Zp-lattices. And L is called locally n-universal if it is n-universal over
Zp for all primes p.
We will denote for convenience






Any unexplained notations and terminologies can be found in [10] or [16].
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2.2 Representations of quadratic spaces and
lattices
In this section, we introduce well-known theorems concerning representations
of quadratic forms over Q and over Zp. The following three theorems give a
complete answer for the representations of quadratic forms over Q.
Theorem 2.2.1. Let U and V be quadratic spaces over Qp. Then U is
isometric to V if and only if
dimU = dimV, dU = dV, SpU = SpV.
Proof. See 63:20 of [16].
Theorem 2.2.2. Let U and V be a quadratic spaces over Qp with ν =
dim(V )− dim(U) ≥ 0. Then U is represented by V if and only if
U ' V when ν = 0,
U ⊥ 〈dU · dV 〉 ' V when ν = 1,
U ⊥ H ' V when ν = 2, dU = −dV.
Here, H denotes the hyperbolic plane.
Proof. See 63:21 of [16].
Theorem 2.2.3 (Hasse-Minkowski Theorem). Let U and V are quadratic
space over Q. Then U is represented by V if and only if Up = U ⊗ Qp is
represented by Vp = V ⊗Qp for all primes p (including ∞).
Proof. See 66:3 of [16].
For given two Z-lattices L and M , if M −→ L then it is clear that
Mp −→ Lp for all primes p. But the converse is not true in general.
Let L be a Zp-lattice of rank n. If (dL)Zp = (sL)n, then we call L a
modular lattice. If a modular lattice L over Zp is split by a sublattice of rank
1, we say that L is proper. Otherwise, we say that L is improper. Note that
every modular lattice over Zp is proper if p is an odd prime.
6
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According to §91.C of [16], L has a splitting L = L1 ⊥ L2 ⊥ · · · ⊥ Lt in
which each component is modular and sL1 ) sL2 ) · · · ) sLt. We call such
a splitting a Jordan decomposition (or Jordan splitting) for L.
Definition 2.2.4. For given Zp-lattices l and L, let l =⊥mλ=1 lλ and L =⊥mλ=1
Lλ be their Jordan decompositions. We define li :=⊥ lµ, where µ runs over
the indices for which s lµ ⊇ piZp. We define Li :=⊥ Lµ for L similarly.
Theorem 2.2.5. Let l and L be Zp-lattices, where p is an odd prime, and
let l =⊥ lλ and L =⊥ Lλ be their Jordan decompositions. Then l −→ L if
and only if li ⊗Qp −→ Li ⊗Qp for all i.
Proof. See Theorem 1 of [15].
For the case when p = 2, we need more notations. Let l =⊥ lλ and L =⊥
Lλ be Jordan decompositions of l and L, respectively. We define L(i) :=⊥ Lµ
where µ runs over the indices for which nLµ ⊇ 2iZ2, and l[i] :=⊥ lµ where µ
runs over the indices for which s lµ ⊇ 2iZ2 and in addition, over the indices
for which s lµ = 2
i+1Z2 with lµ improper, if any.
We define ∆i for L in the following way: If L has a proper 2
i+1-modular
component, ∆i := 2
i+1Z2; failing this, ∆i := 2i+2Z2 if L has a proper 2i+2-
modular component; otherwise, ∆i := 0. We define δi for l similarly. Let
Di := (dLi)Z2 and di := (dli)Z2; we put Di = 0 (di = 0), if Li = 0 (li = 0,
respectively). Note that above definitions are all independent of Jordan
decompositions that define them. For any fractional ideal A ⊆ Q2, we write
A −→ U if there is an x ∈ U such that Q(x)Z2 = A.
Definition 2.2.6. We say that l has a lower type than L if the followings
hold for all i:
(1) dim li ≤ dimLi,
(2) diDi −→ 1 if dim li = dimLi,
(3) δi ⊆ ∆i + 2i+2Z2 and ∆i−1 ⊆ δi−1 + 2i+1Z2 if dim li = dimLi,
(4) ∆i−1 ⊆ δi−1 + 2i+1Z2 if dimLi − 1 = dim li > 0 and diDi −→ 2i+1,
7
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(5) δi ⊆ ∆i + 2i+2Z2 if dimLi − 1 = dim li > 0 and diDi −→ 2i+1.
For two Z2-lattices l and L such that l −→ L, we denote by L/l the
quadratic space satisfying l ⊗ Q2 ⊥ L/l ' L ⊗ Q2. We write ᾱ −→ U if
either α −→ U or 5α −→ U , where α ∈ Q2.
Theorem 2.2.7. Let l have a lower type than L. Then l −→ L if and only
if the following conditions hold for all i:
(6) ∆i −→ L(i+2)/l[i],
(7) δi −→ L(i+2)/l[i],
(8) L(i+2)/l[i] ' H implies ∆iδi ⊆ δ2i ,
(9) 2̄i −→ (2i ⊥ L(i+1))/li,
(10) 2̄i −→ (2i ⊥ Li+1)/l[i].
Here, H denotes the hyperbolic plane over Q2.
Proof. See Theorem 3 of [15].
Theorem 2.2.8. For two Z-lattices l and L, if lp −→ Lp for all primes p
(including ∞), then l −→ gen(L).
Proof. See 102:5 of [16].
2.3 Main tools
Now we provide a technique for representations of binary Z-lattices by certain
quinary Z-lattices, which is based on the proof of the main theorems in [6]




a− ns2 b− nst
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Let M be a Z-lattice. It can be verified that ` −→ M ⊥ 〈n〉 if and only
if there exist integers s, t such that `ns,t −→ M . If the class number of the
lattice M is one, we can classify all binary lattices which are represented by
M using the local representation theory.
In this thesis, we only consider the case when M is quaternary. Let p be a
prime such that p - 2dM . Then Mp ' 〈1, 1, 1, dM〉. If dM is a square in Zp,
then M is 2-universal over Zp. If dM is not a square, then `p −→Mp if and
only if `p is not isometric to any sublattices of the Zp-lattice 〈p,−p∆〉, where
∆ is a non-square unit in Zp. In particular, s` 6⊆ pZ implies that `p −→Mp.





= −1. We will choose s, t
such that gcd(a− ns2, b− nst) has no prime factors in P. Then the scale of
`s,t = [a− ns2, b− nst, c− nt2] is not contained in pZ for any prime p ∈ P.
Thus we may only consider the Zp-structure for primes p | 2dM .
Consider the case when n has a prime factor q ∈ P, which is a hard case.
If s` ⊆ qZ, then s`s,t ⊆ qZ for all s, t. For this reason, we have to prove this
case separately.
Suppose that `ns,t −→M over Zp for all primes p. If `s,t is positive definite,
then we conclude that `ns,t −→ M , and that ` −→ M ⊥ 〈n〉. The following
lemma says that `ns,t is positive definite for sufficiently large a.
Lemma 2.3.1. Let ` = [a, b, c] be a Minkowski reduced binary Z-lattice, that
is, 2|b| ≤ a ≤ c. If a > 4
3
n(s2 + |st|+ t2), then `ns,t is positive definite.
Proof. Note that




ac− b2 + 3
4
ac− n(s2c− 2stb+ t2a)
≥ 0 + 3
4








n(s2 + |st|+ t2)
)
> 0.





A Z-lattice L is called almost 2-universal if it represents almost all binary
Z-lattices up to isometry. Note that for any quaternary Z-lattice `, there is
a prime p such that `p is not 2-universal, that is, there is a binary Zp -lattice
that is not represented by `p. Therefore there does not exist an almost 2-
universal quaternary Z-lattice. In 2003, Oh proved in [13] that there are only
finitely many almost 2-universal quinary Z-latices. Furthermore, he proved
that there are at most 14 almost 2-universal quinary diagonal Z-lattices.
Among them, he proved the almost 2-universalities of 11 lattices.
In this chapter, we prove that 3 candidates in [13] are, in fact, almost
2-universal. Furthermore, we find some almost 2-universal quinary non-
diagonal Z-lattices.
3.1 Diagonal case
First of all, we introduce the following theorem on almost 2-universal quinary
diagonal Z-lattices:
Theorem 3.1.1. The all almost 2-universal quinary diagonal Z-lattices and
its exceptions are the followings:
10
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(1) 2-universal Z-lattices
〈1, 1, 1, 1, a〉 a = 1, 2, 3, 〈1, 1, 1, 2, b〉 b = 2, 3.
(2) Almost 2-universal Z-lattices and its exceptions
〈1, 1, 1, 2, 4〉 : 〈3, 3〉, 〈1, 1, 1, 1, 5〉 : [2, 1, 4], [4, 1, 4], [8, 1, 8],
〈1, 1, 1, 2, 5〉 : 〈3, 3〉, 〈1, 1, 1, 2, 7〉 : 〈3, 3〉, 〈6, 6〉,
〈1, 1, 2, 2, 3〉 : [2, 1, 2], 〈1, 1, 2, 2, 5〉 : [2, 1, 2], [2, 1, 4], [4, 1, 4], [8, 1, 8].
(3) Candidates
〈1, 1, 1, 3, 7〉, 〈1, 1, 2, 3, 5〉, 〈1, 1, 2, 3, 8〉.
Proof. See [13].
Now we prove that these three candidates are indeed almost 2-universal.
Theorem 3.1.2. The quinary Z-lattice L = 〈1, 1, 1, 3, 7〉 represents all binary
lattices except following 19 binary lattices:
[2, 1, 3], [4, 1, 4], 〈1, 6〉, 〈4, 6〉, [2, 1, 7], [3, 1, 7], [4, 2, 7],
[6, 3, 7], [7, 2, 7], [7, 3, 9], [7, 1, 10], [10, 5, 10], [7, 2, 15],
〈10, 15〉, 〈6, 16〉, [7, 2, 22], [7, 1, 26], [7, 3, 34], [10, 5, 47].
Proof. Consider the quaternary sublattice M = 〈1, 1, 1, 3〉 of L, which has
class number one. Let ` := [a, b, c] be a binary lattice such that 0 ≤ 2b ≤
a ≤ c, a, c 6= 0. And we define the binary lattice
`s,t := [a− 7s2, b− 7st, c− 7t2]
for each integers s, t. Note that ` −→ M ⊥ 〈7〉 if and only if `s,t −→ M for
some integers s, t.
(Step 1) First, for the case when a < 30, we verify that ` = [a, b, c] −→
M ⊥ 〈7〉. As a sample, we only consider the case when a = 10, b = 5. Other
cases can be verified similarly. We use the fact that
[3, 1, c] −→M if c ≡ 0, 1, 4, 5, 6 (mod 8),
〈3, c〉 −→M if c ≡ 1, 2, 3, 5, 6 (mod 8).
11
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For a binary lattice ` = [10, 5, c], we can easily check the followings:
• If c 6≡ 3, 6, 7 (mod 8), then `1,2 ' 〈3, c− 55〉 −→M . (c > 55)
• If c ≡ 6 (mod 8), then `1,1 ' [3, 1, c− 8] −→M . (c > 8)
• If c ≡ 7, 11 (mod 16), then `1,1 ⊆ [3, 1, 14(c− 7)] −→M . (c > 7)
• If c ≡ 15 (mod 16), then `1,2 ⊆ 〈3, 14(c− 55)〉 −→M . (c > 55)
• If c ≡ 3 (mod 16), then `1,3 ⊆ [3, 1, 14(c− 147)] −→M . (c > 147)
For a small c such that `1,t is not positive definite, we can also check it by a
direct calculation. In this case, we may easily verify that three binary lattices
[10, 5, 3] ' [2, 1, 3], [10, 5, 10], [10, 5, 47] are not represented by M ⊥ 〈7〉. In
short,
[10, 5, c] −→M ⊥ 〈7〉 for any c 6= 3, 10, 47.
For a < 30, we can verify ` −→ L except followings:
〈1, 6〉, [2, 1, 3], 〈4, 6〉, [4, 1, 4], 〈6, 16〉, 〈10, 15〉, [10, 5, 10], [10, 5, 47]
and
[7, 1, c1] (c1 = 2, 3, 10, 26), [7, 2, c2] (c2 = 4, 7, 15, 22), [7, 3, c3] (c3 = 6, 9, 34).
By a direct calculation, we can verify that sublattices of above exceptions
with index a power of 2 are represented by L. Hereafter, we only consider
Z2-primitive binary lattices ` in the sense that `2 is the only integral lattice
in Q2 ⊗ ` that contains `2.
(Step 2) For a binary lattice ` = [a, b, c], suppose that a, c ≥ 30 and 0 ≤
2b ≤ a ≤ c. And suppose that s` 6⊆ 7Z.
By checking the local structure of `s,t and M over Z2,Z3, we obtain the
following properties.
(1.1) If (a, b, c) ≡ (1, 0, 1) (mod 2) and (s, t) ≡ (1, 1) (mod 2), then `s,t −→
M over Z2.
12
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(1.2) If (a, b, c) ≡ (0, 1, 0) (mod 2) and (s, t) ≡ (0, 0) (mod 2), then `s,t −→
M over Z2.
(1.3) If (a, b, c) ≡ (1, 1, 0) (mod 2) and (s, t) ≡ (1, 0) (mod 2), then `s,t −→
M over Z2.
(1.4) If (a, b, c) ≡ (0, 1, 1) (mod 2) and (s, t) ≡ (0, 1) (mod 2), then `s,t −→
M over Z2.
(1.5) If a ≡ 5 (mod 8) or c ≡ 5 (mod 8), then `s,t −→ M over Z2 for any
s, t.
(1.6) If a ≡ 1 (mod 8), 2 | s or c ≡ 1 (mod 8), 2 | t, then `s,t −→ M over
Z2.
(1.7) If 4 | a, 2 - s or 4 | c, 2 - t, then `s,t −→M over Z2.
(1.8) If a ≡ 3 (mod 4) or c ≡ 3 (mod 4), 2 | b and 2 - st, then `s,t −→ M
over Z2.
(2.1) If 3 | ac and 3 - st, then `s,t −→M over Z3.
(2.2) If (a, b, c) ≡ (1, 0, 1), (1, 0, 2), (2, 0, 1) (mod 3) and 3 - st, then `s,t −→
M over Z3.
(2.3) If (a, b, c) ≡ (1, 2, 1), (1, 2, 2), (2, 1, 2), (2, 2, 1) (mod 3) and st ≡ 1 (mod 3),
then `s,t −→M over Z3.
(2.4) If (a, b, c) ≡ (1, 1, 1), (1, 1, 2), (2, 1, 1), (2, 2, 2) (mod 3) and st ≡ 2 (mod 3),
then `s,t −→M over Z3.
(2.5) If (a, b, c) ≡ (2, 0, 2) (mod 3) and st ≡ 0 (mod 3), then `s,t −→M over
Z3.
Under the assumption that the binary lattice ` is Z2-primitive, above
conditions cover all cases. For example, the case when a ≡ c ≡ 3 (mod 4)
and 2 - b is not contained in the above cases. However, ` is not Z2-primitive
in this case. Note that we do not assume that ` is Z3-primitive. Regardless
of Z3-primitivity of `, all cases are contained in above.
13
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For all cases, we may choose s = 1, 2 and t ≡ i (mod 6) for some suitable
i. Each case can be proved similarly. We only consider the case that ` =
[a, b, c] satisfies the conditions given in both (1.4) and (2.3). In this case,
`s,t −→M over Z2,Z3 if s = 2 and t ≡ 1 (mod 6).






−1. From the assumption that s` 6⊆ 7Z, we get s`s,t 6⊆ 7Z for all s, t, and
hence `s,t −→M over Z7. Let p1, p2, ..., pk be the primes in P−{7} dividing
a− 28. We want choose a suitable t such that b− 14t is relatively prime to
p1p2...pk. Then we get `s,t −→M over Zp for all p 6= 2, 3.
If k = 0, then `2,1 −→ M . By Lemma 2.3.1, `2,1 is positive definite if
a ≥ 66. In the case when 30 ≤ a ≤ 65, one can show that `2,1 is also positive
definite for sufficiently large c. In the case when a = 34, for example, `2,1
is positive definite whenever c > 39. The remaining cases are finitely many
and we can check it by a direct calculation.
If 1 ≤ k ≤ 4, then `2,t −→M for some t such that
t ∈
{









Note that a ≥ 28 + p1 · · · pk. In the case when k = 3, 4, 5, all `2,t are positive
definite by Lemma 2.3.1. In case that k = 1, 2, however, the positiveness of
`2,t is not guaranteed. There are only finitely many cases such that `2,t is
not positive definite. When `2,t is not positive definite, we can check that
` −→ L by a direct calculation.
If k = 5, then `2,t −→ M for some t ∈ {−17,−11, ...13, 19}. Since
a ≥ 28 + 5 · 17 · 19 · 29 · 31, `2,19 is positive definite.
If k ≥ 6, then `2,t −→M for some t ∈ {−3·k·2k+1, ...−5, 1, ..., 3·k·2k−5}.
Since a ≥ 28 + 5 · 17 · 19 · 29 · 31 · 41 · 43k−6, all `2,t are positive definite by
Lemma 3 of [8].
(Step 3) We show that ` −→ L when s` ⊆ 7Z, that is, ` is the form of
[7a, 7b, 7c]. If we let `′ = [a, b, c], then ` = `′7. Consider the quaternary
14
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lattice K = 〈1〉 ⊥
2 1 01 2 1
0 1 3




If `′ −→ K ⊥ 〈21〉, then `′7 = ` −→ L. We only consider the case when (`′)7
is Z7-primitive. Thus we may assume that `′ ' 〈1,−∆〉 over Z7, where ∆ is
a nonsquare unit in Z7. This is equivalent to
d`′ ≡ 1, 2, 4 (mod 7).
Define `′s,t = [a− 21s2, b− 21st, c− 21t2]. From the fact that 7 - d`′, we have
7 - d`′s,t and `′s,t −→ K over Z7 for any s, t. The followings are the sufficient
conditions such that `′s,t −→ K over Z2 assuming that `′ is Z2-primitive:
• (a, b, c) ≡ (1, 0, 1) (mod 2) and (s, t) ≡ (1, 1) (mod 2);
• (a, b, c) ≡ (0, 0, 1), (0, 1, 0), (1, 0, 0), (1, 1, 1) (mod 2)
and (s, t) ≡ (0, 0) (mod 2);
• (a, b, c) ≡ (1, 1, 0) (mod 2) and (s, t) ≡ (1, 0) (mod 2);
• (a, b, c) ≡ (0, 1, 1) (mod 2) and (s, t) ≡ (0, 1) (mod 2).
Using the same method in Steps 1 and 2, we get `′ −→ K ⊥ 〈21〉 with finitely
many exceptions. For example, 〈5, 61〉, [9, 2, 13] X−→ K ⊥ 〈21〉. By a direct
computation, one may show that the binary lattices obtained by scaling these
exceptions are indeed represented by L. Therefore we conclude that ` −→ L
for any binary lattice whose scale is contained in 7Z.
This completes the proof.
For the almost 2-universalities of other Z-lattices, the proofs are quite
similar to the above. We only provide following data for the proof of almost
2-universality of L:
(1) Quternary sublattice M which has class number one,
15
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(2) The integer n satisfying M ⊥ 〈n〉 −→ L,
(3) Conditions such that `ns,t −→M over Zp where p | 2dM ,






Theorem 3.1.3. (1) The quinary Z-lattice 〈1, 1, 2, 3, 5〉 represents all binary
lattices except
[2, 1, 2], [5, 2, 5] and [6, 3, 6].
(2) The quinary Z-lattice 〈1, 1, 2, 3, 8〉 represents all binary lattices except the
following 15 binary lattices:
[2, 1, 2], 〈2, 6〉, 〈5, 6〉, [5, 2, 5], [5, 1, 8], [6, 3, 6], [6, 3, 8], [6, 3, 14],
〈6, 26〉, 〈7, 7〉, [8, 4, 8], 〈10, 33〉, 〈11, 14〉, 〈14, 14〉, [25, 3, 25].
Proof. Let M = 〈1, 1, 2, 3〉 and n = 5 or 8. First, we collect some information
on the representations over the local ring:
The followings are the conditions such that `ns,t −→M over Z3 where n = 5, 8
(Z3-primitivity of ` is not necessary):
• 3 | ac and 3 - st;
• (a, b, c) ≡ (1, 0, 2), (2, 0, 1), (2, 0, 2) (mod 3) and 3 - st;
• (a, b, c) ≡ (1, 1, 2), (1, 2, 1), (2, 1, 1), (2, 1, 2) (mod 3) and st ≡ 1 (mod 3);
• (a, b, c) ≡ (1, 1, 1), (1, 2, 2), (2, 2, 1), (2, 2, 2) (mod 3) and st ≡ 2 (mod 3);
• (a, b, c) ≡ (1, 0, 1) (mod 3) and st ≡ 0 (mod 3).
The followings are the conditions such that `5s,t −→ M over Z2 (` is Z2-
primitive):
• (a, b, c) ≡ (0, 1, 0) (mod 2) and ∀s, t;
• (a, b, c) ≡ (0, 0, 1), (1, 0, 0), (1, 0, 1) (mod 2) and (s, t) ≡ (1, 1) (mod 2);
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• (a, b, c) ≡ (0, 1, 1), (1, 1, 1) (mod 2) and (s, t) ≡ (0, 1) (mod 2);
• (a, b, c) ≡ (1, 1, 0), (1, 1, 1) (mod 2) and (s, t) ≡ (1, 0) (mod 2).
The followings are the conditions such that `8s,t −→ M over Z2 (` is Z2-
primitive):
• (a, b, c) ≡ (0, 1, 0), (0, 1, 1), (1, 1, 0), (1, 0, 1) (mod 2) and ∀s, t;
• a ≡ 5, 7 (mod 8) or c ≡ 5, 7 (mod 8) and ∀s, t;
• a ≡ 10, 14 (mod 16), 2 - s or c ≡ 10, 14 (mod 16), 2 - t;
• (a, c) ≡ (1, 3), (9, 11) (mod 16), b ≡ ±1 (mod 8) and (s, t) ≡ (1, 1)
(mod 2);
• (a, c) ≡ (1, 11), (3, 9) (mod 16), b ≡ ±3 (mod 8) and (s, t) ≡ (1, 1)
(mod 2);
• (a, c) ≡ (1, 3), (9, 11) (mod 16), b ≡ ±3 (mod 8) and (s, t) ≡ (0, 1), (1, 0)
(mod 2);
• (a, c) ≡ (1, 11), (3, 9) (mod 16), b ≡ ±1 (mod 8) and (s, t) ≡ (0, 1), (1, 0)
(mod 2);
• (a, c) ≡ (1, 6), (9, 6), (3, 2), (11, 2) (mod 16), b ≡ 2 (mod 4) and (s, t) ≡
(1, 0) (mod 2);
• (a, c) ≡ (1, 2), (9, 2), (3, 6), (11, 6) (mod 16), b ≡ 0 (mod 4) and (s, t) ≡
(1, 0) (mod 2);
• (a, c) ≡ (1, 6), (9, 6), (3, 2), (11, 2) (mod 16), b ≡ 0 (mod 4) and (s, t) ≡
(1, 1) (mod 2);
• (a, c) ≡ (1, 2), (9, 2), (3, 6), (11, 6) (mod 16), b ≡ 2 (mod 4) and (s, t) ≡
(1, 1) (mod 2).






this case, the process such as Step 3 in the proof of Theorem 3.1.2 is not
necessary.
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Now we conclude the classification of almost 2-universal quinary diagonal
Z-lattices.
Theorem 3.1.4. There are exactly 14 almost 2-universal quinary diagonal
Z-lattices. Those lattices are:
〈1, 1, 1, 1, 1〉, 〈1, 1, 1, 1, 2〉, 〈1, 1, 1, 1, 3〉, 〈1, 1, 1, 2, 2〉, 〈1, 1, 1, 2, 3〉,
〈1, 1, 1, 1, 5〉, 〈1, 1, 1, 2, 4〉, 〈1, 1, 1, 2, 5〉, 〈1, 1, 1, 2, 7〉, 〈1, 1, 2, 2, 3〉, 〈1, 1, 2, 2, 5〉,
〈1, 1, 1, 3, 7〉, 〈1, 1, 2, 3, 5〉, 〈1, 1, 2, 3, 8〉.
Table 3.1: Almost 2-universal quinary diagonal Z-lattices
3.2 Non-diagonal case
In this section, we give proofs of almost 2-universalities of some quinary non-
diagonal Z-lattices.
Theorem 3.2.1. The quinary Z-lattice





represents all binary lattices except 〈2, 3〉, [5, 1, 5], [5, 2, 5], [5, 1, 11].
Proof. Let M = 〈1, 1〉 ⊥ [2, 1, 2] and n = 5.
The followings are the conditions such that `5s,t −→ M over Z2: (` is Z2-
primitive)
• (a, b, c) ≡ (1, 0, 1) (mod 2) and (s, t) ≡ (1, 1) (mod 2);
• (a, b, c) ≡ (0, 1, 0) (mod 2) and (s, t) ≡ (0, 0) (mod 2);
• (a, b, c) ≡ (1, 1, 0) (mod 2) and (s, t) ≡ (1, 0) (mod 2);
• (a, b, c) ≡ (0, 1, 1) (mod 2) and (s, t) ≡ (0, 1) (mod 2);
18
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• a ≡ 7 (mod 8) or c ≡ 7 (mod 8), and ∀s, t;
• a ≡ 3 (mod 8), 2 | s or c ≡ 3 (mod 8), 2 | t;
• a ≡ 0 (mod 4), 2 - s or c ≡ 0 (mod 4), 2 - t;
• a ≡ 1 (mod 4) or c ≡ 1 (mod 4), 2 | b and (s, t) ≡ (1, 1) (mod 2).
The followings are the conditions such that `ns,t −→M over Z3: (Z3-primitivity
of ` is not necessary)
• 3 | ac and 3 - st;
• (a, b, c) ≡ (1, 0, 2), (2, 0, 1), (2, 0, 2) (mod 3) and 3 - st;
• (a, b, c) ≡ (1, 1, 2), (1, 2, 1), (2, 1, 1), (2, 1, 2) (mod 3) and st ≡ 1 (mod 3);
• (a, b, c) ≡ (1, 1, 1), (1, 2, 2), (2, 2, 1), (2, 2, 2) (mod 3) and st ≡ 2 (mod 3);
• (a, b, c) ≡ (1, 0, 1) (mod 3) and st ≡ 0 (mod 3).
We need to consider the case when s` ⊆ 5Z. Let










The followings are the conditions such that `5s,t −→ K over Z2: (` is Z2-
primitive)
• (a, b, c) ≡ (1, 0, 1) (mod 2) and (s, t) ≡ (1, 1) (mod 2);
• (a, b, c) ≡ (0, 1, 0) (mod 2) and (s, t) ≡ (0, 0) (mod 2);
• (a, b, c) ≡ (1, 1, 0) (mod 2) and (s, t) ≡ (1, 0) (mod 2);
• (a, b, c) ≡ (0, 1, 1) (mod 2) and (s, t) ≡ (0, 1) (mod 2);
• a ≡ 3 (mod 8) or c ≡ 3 (mod 8), and ∀s, t;
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• a ≡ 7 (mod 8), 2 | s or c ≡ 7 (mod 8), 2 | t;
• a ≡ 0 (mod 4), 2 - s or c ≡ 0 (mod 4), 2 - t;
• a ≡ 1 (mod 4) or c ≡ 1 (mod 4), 2 | b and (s, t) ≡ (1, 1) (mod 2).
The followings are the conditions such that `5s,t −→ K over Z3: (Z3-primitivity
of ` is not necessary)
• 3 | ac and 3 - st;
• (a, b, c) ≡ (1, 0, 2), (2, 0, 1), (2, 0, 2) (mod 3) and 3 - st;
• (a, b, c) ≡ (1, 1, 2), (1, 2, 1), (2, 1, 1), (2, 1, 2) (mod 3) and st ≡ 1 (mod 3);
• (a, b, c) ≡ (1, 1, 1), (1, 2, 2), (2, 2, 1), (2, 2, 2) (mod 3) and st ≡ 2 (mod 3);
• (a, b, c) ≡ (1, 0, 1) (mod 3) and st ≡ 0 (mod 3).






all binary lattices except [2, 1, 2], 〈1, 10〉.
Proof. Let M = 〈1, 1, 2, 3〉, n = 14. Note that M ⊥ 〈14〉 −→ L.
The followings are the conditions such that `14s,t −→ M over Z2: (` is Z2-
primitive)
• (a, b, c) ≡ (0, 1, 0), (0, 1, 1), (1, 0, 1), (1, 1, 0) (mod 2) and ∀s, t;
• a ≡ 5 or c ≡ 5 (mod 8) and ∀s, t;
• a ≡ 3 (mod 8), 2 - s or c ≡ 3 (mod 8), 2 - t;
• a ≡ 7 (mod 8), 2 | s or c ≡ 7 (mod 8), 2 | t;
• a ≡ 2 (mod 8), b ≡ 2 (mod 4), 2 - c and (s, t) ≡ (1, 1) (mod 2);
• a ≡ 2 (mod 8), b ≡ 0 (mod 4), 2 - c and (s, t) ≡ (1, 0) (mod 2);
• a ≡ 6 (mod 8), b ≡ 0 (mod 4) and (s, t) ≡ (1, 1) (mod 2);
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• a ≡ 6 (mod 8), b ≡ 2 (mod 4) and (s, t) ≡ (1, 0) (mod 2).
The followings are the conditions such that `14s,t −→M over Z3: (Z3-primitivity
of ` is not necessary)
• 3 | ac and 3 - st;
• (a, b, c) ≡ (1, 0, 2), (2, 0, 1), (2, 0, 2) (mod 3) and 3 - st;
• (a, b, c) ≡ (1, 1, 2), (1, 2, 1), (2, 1, 1), (2, 1, 2) (mod 3) and st ≡ 1 (mod 3);
• (a, b, c) ≡ (1, 1, 1), (1, 2, 2), (2, 2, 1), (2, 2, 2) (mod 3) and st ≡ 2 (mod 3);
• (a, b, c) ≡ (1, 0, 1) (mod 3) and st ≡ 0 (mod 3).
For the proof that ` −→ L when s` ⊆ 7Z, we consider the quaternary
lattice K = 〈1, 1, 3, 7〉. The geus of K consists of following 3 lattices:







2 1 0 0
1 3 1 0
0 1 3 1
0 0 1 2
 .
It can be verified that
(




Suppose that there exist integers s, t such that `7s,t −→ K over Zp for all
primes p and `7s,t is positive definite. Then `
7
s,t −→ K ′ and ` −→ K ′ ⊥ 〈7〉
for some K ′ ∈ gen(K). So we get `7 −→
(
K ′ ⊥ 〈7〉
)7 −→ L. Therefore, we
can use the same method as step 3 in the proof of Theorem 3.1.2.
The followings are the conditions such that `7s,t −→ K over Z2:
• a is even, and s is odd;
• a is odd, and s is even.
The followings are the conditions such that `7s,t −→ K over Z3:
21
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• 3 | ac and 3 - st;
• (a, b, c) ≡ (1, 0, 1), (1, 0, 2), (2, 0, 1) (mod 3) and 3 - st;
• (a, b, c) ≡ (1, 2, 1), (1, 2, 2), (2, 1, 2), (2, 2, 1) (mod 3) and st ≡ 1 (mod 3);
• (a, b, c) ≡ (1, 1, 1), (1, 1, 2), (2, 1, 1), (2, 2, 2) (mod 3) and st ≡ 2 (mod 3);
• (a, b, c) ≡ (2, 0, 2) (mod 3) and st ≡ 0 (mod 3).
Theorem 3.2.3. The quinary Z-lattices










represent all binary lattices except 〈3, 3〉.
Proof. Let M = 〈1, 1, 1, 2〉, n = 14, 22. Note that
M ⊥ 〈14〉 −→ 〈1, 1, 1〉 ⊥ [2, 1, 4],
M ⊥ 〈22〉 −→ 〈1, 1, 1〉 ⊥ [2, 1, 6].
The followings are the conditions such that `ns,t −→ 〈1, 1, 1, 2〉 over Z2 where
n = 14, 22: (` is Z2-primitive)
• (a, b, c) ≡ (0, 1, 0), (0, 1, 1), (1, 0, 1), (1, 1, 0) (mod 2) and ∀s, t;
• a ≡ 3 (mod 8) or c ≡ 3 (mod 8) and ∀s, t;
• a ≡ 1 (mod 8), 2 - s or c ≡ 1 (mod 8), 2 - t;
• a ≡ 5 (mod 8), 2 | s or c ≡ 5 (mod 8), 2 | t;
• a ≡ 2 (mod 8), b ≡ 2 (mod 4), 2 - c and (s, t) ≡ (1, 1) (mod 2);
• a ≡ 2 (mod 8), b ≡ 0 (mod 4), 2 - c and (s, t) ≡ (1, 0) (mod 2);
• a ≡ 6 (mod 8), b ≡ 0 (mod 4) and (s, t) ≡ (1, 1) (mod 2);
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• a ≡ 6 (mod 8), b ≡ 2 (mod 4) and (s, t) ≡ (1, 0) (mod 2).
We need to consider the case when L = 〈1, 1, 1〉 ⊥ [2, 1, 6] and s` ⊆ 11Z.
Let




)11 −→ 〈1, 1, 2〉 ⊥ [2, 1, 6].
The followings are the conditions such that `11s,t −→ K over Z2: (` is Z2-
primitive)
• (a, b, c) ≡ (1, 0, 1) (mod 2) and (s, t) ≡ (1, 1);
• (a, b, c) ≡ (0, 1, 0) (mod 2) and (s, t) ≡ (0, 0);
• (a, b, c) ≡ (1, 1, 0) (mod 2) and (s, t) ≡ (1, 0);
• (a, b, c) ≡ (0, 1, 1) (mod 2) and (s, t) ≡ (0, 1);
• a ≡ 1 (mod 8) or c ≡ 1 (mod 8), and ∀s, t;
• a ≡ 5 (mod 8), 2 | s or c ≡ 5 (mod 8), 2 | t;
• a ≡ 0 (mod 4), 2 - s or c ≡ 0 (mod 4), 2 - t;
• a ≡ 3 (mod 4) or c ≡ 3 (mod 4), 2 | b and (s, t) ≡ (1, 1) (mod 2).
Theorem 3.2.4. The quinary Z-lattice





represents all binary lattices except [2, 1, 2].
Proof. Let M = 〈1, 2〉 ⊥ [3, 1, 3], n = 1. Since the discriminant dM = 24,
M is 2-universal over Zp for all odd primes p. Thus, for a positive definite
binary Z-lattice `, ` −→ M over Z if and only if ` −→ M over Z2. Using
this, we can verify the followings, where ` is Z2-primitive:
• If ord2 d` = 1, then ` −→M ;
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• If (a, b, c) = (0, 1, 0) (mod 2), then `1,1 −→M or `1,−1 −→M ;
• If (a, b, c) = (0, 1, 1), (1, 0, 1), (1, 1, 0) (mod 2), then ` −→ M , `0,2 −→
M or `2,0 −→M .
For a < 5, we can easily check that ` = [a, b, c] −→ L except [2, 1, 2]. The
lattice 〈2, 6〉 is the unique sublattice with index 2 of [2, 1, 2] up to isometric.
And 〈2, 6〉 −→ L. Thus the lattice [2, 1, 2] is the only exception.
Remark 3.2.5. There are two definitions of integral lattices. A classic
integral lattice is a lattice whose scale is contained in Z, while a non-classic
integral lattice is a lattice whose norm is contained in Z. A Z-lattice L is
called even if Q(v) ∈ 2Z for all v ∈ L, and L is called odd otherwise. It
is convenient to consider even Z-lattices obtained from non-classic integral
lattices by scaling 2. We say that an even Z-lattice is called even n-universal
if it represents all even Z-lattices of rank n. The n-universal non-classic
integral lattices correspond to the even n-universal classic integral lattices.
For any Z-lattice, we define
Le := {v ∈ L | Q(v) ≡ 0 mod 2}.
It can be verified that Le is even 2-universal if L represents all even binary
lattices. Applying this to the Z-lattices (see Theorem 3.2.1 and 3.2.3)











we obtain two even 2-universal quinary Z-lattices. These are the candidates
for even 2-universal quinary Z-lattices provided in [12].






2 0 10 2 1
1 1 6
 and
2 1 01 2 1
0 1 2
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3.3 Almost 2-universal quinaries having only
one exception
In this section, we find all candidates for almost 2-universal quinary Z-lattices
having only one exception. For this, we need following theorem which is a
criterion for 2-universality.
Theorem 3.3.1. A Z-lattice is 2-universal if and only if it represents the
following six binary lattices:

















Let L be an almost 2-universal Z-lattice which is not 2-universal. Then,
by above theorem, at least one of six binary lattices in the theorem is an
exception of L.
Lemma 3.3.2. Let L be a Z-lattice.
(1) If L represents two lattices 〈1, 1, 1, 1〉 and [2, 1, 4], then L is 2-universal.
(2) If L represents two lattices 〈1, 1, 1, 2〉 and 〈3, 3〉, then L is 2-universal.
(3) If L represents two lattices 〈1, 1〉 ⊥ [2, 1, 2] and 〈2, 3〉, then L is 2-
universal.
Proof. (1) If a ≥ 4, then [2, 1, 4] X−→ 〈1, 1, 1, 1, a〉. Hence, L has a sublattice
isometric to one of the followings:
〈1, 1, 1, 1, 1〉, 〈1, 1, 1, 1, 2〉, 〈1, 1, 1, 1, 3〉.
And these quinary Z-lattices are all 2-universal.
(2) Since 〈3, 3〉 X−→ 〈1, 1, 1, 2〉, L has a sublattice isometric to one of the
followings:
〈1, 1, 1, 1, 2〉, 〈1, 1, 1, 2, 2〉, 〈1, 1, 1, 2, 3〉,
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And these quinary Z-lattices are all 2-universal.
(3) Since 〈2, 3〉 X−→ 〈1, 1〉 ⊥ [2, 1, 2], L has a sublattice isometric to one of
the followings:

















2 1 01 2 1
0 1 2
 , 〈1, 1〉 ⊥
2 1 01 2 1
0 1 3
 .
And these quinary Z-lattices are all 2-universal.
Theorem 3.3.3. There are exactly four almost 2-universal quinary Z-lattices
having only one exception 〈3, 3〉, and they are











Proof. Let L be a quinary Z-lattice representing all binary lattices except
〈3, 3〉. If 〈1, 1, 1〉 X−→ L, then L has a sublattice isometric to 〈1, 1〉 ⊥ [2, 1, 2]
since L represents 〈1, 1〉 and [2, 1, 2]. In this case, L is 2-universal by Lemma
3.3.2. Now suppose that 〈1, 1, 1〉 −→ L. Then L ' 〈1, 1, 1〉 ⊥ L0 for some
lattice L0. If µ(L0) ≥ 3, then [2, 1, 3] X−→ L. If 〈1, 1, 1, 1〉 −→ L, then L is
2-universal by Lemma 3.3.2. Hence we may assume that 〈1, 1, 1, 1〉 X−→ L
and 〈1, 1, 1, 2〉 −→ L. Since 〈6, 6〉 X−→ 〈1, 1, 1, 2〉, L is isometric to one of the
followings:
〈1, 1, 1, 2, 4〉, 〈1, 1, 1, 2, 5〉, 〈1, 1, 1, 2, 6〉,











Note that [6, 3, 21] X−→ 〈1, 1, 1, 2, 6〉. And the remaining four lattices repre-
sent all binary lattices except 〈3, 3〉 by Theorem 3.1.1 and Theorem 3.2.3.
Remark 3.3.4. Note that 〈2, 7〉 X−→ 〈1, 1, 1, 2〉. Using this, it can be verified
that the quinary Z-lattice 〈1, 1, 1, 2, 7〉 is the unique candidate for almost 2-
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universal quinary Z-lattice having only two exceptions 〈3, 3〉 and 〈6, 6〉. In-
deed, 〈1, 1, 1, 2, 7〉 represents all binary lattices except 〈3, 3〉, 〈6, 6〉 by Theo-
rem 3.1.1.
Theorem 3.3.5. There are no almost 2-universal quinary Z-lattices having
only one exception [2, 1, 4].
Proof. Let L be a quinary Z-lattice representing all binary lattices except
[2, 1, 4]. We can assume that L represents 〈1, 1, 1, 1〉 by the proof of Theorem
3.3.3 and Lemma 3.3.2. Hence L ' 〈1, 1, 1, 1, a〉 for some a. If a ≥ 4, then
[4, 1, 4] X−→ L. And if a ≤ 3, then L is 2-universal by Theorem 3.1.1. This
completes the proof.
Remark 3.3.6. Note that there exists an almost 2-universal Z-lattice with
rank greater than 5 which have only one exception [2, 1, 4]. Consider the
senary Z-lattice






Using the fact that L has sublattices isometric to 〈1, 1, 1, 1, 4〉 and 〈1, 1, 1, 1, 6〉,
one can show that L represents all binary lattices except [2, 1, 4].
Theorem 3.3.7. There are at most one almost 2-universal quinary Z-lattice
having only one exception 〈2, 3〉. The candidate is
〈1, 1〉 ⊥
2 1 01 2 1
0 1 4
 .
Proof. Let L be a quinary Z-lattice representing all binary lattices except
〈2, 3〉. Since 〈2, 3〉 −→ 〈1, 1, 1〉, L does not represent 〈1, 1, 1〉. Since L repre-
sents 〈1, 1〉 and [2, 1, 2], L has a sublattice isometric to 〈1, 1〉 ⊥ [2, 1, 2]. Since
〈1, 5〉 X−→ 〈1, 1〉 ⊥ [2, 1, 2], L is isometric to one of the followings:





, 〈1, 1〉 ⊥
2 1 01 2 1
0 1 4
 , 〈1, 1, 5〉 ⊥ (2 1
1 2
)
, 〈1, 1〉 ⊥
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From the fact that











[5, 1, 5] X−→ 〈1, 1〉 ⊥
2 1 01 2 1
0 1 5
 ,
only one candidate survives.
Theorem 3.3.8. There are at most one almost 2-universal quinary Z-lattice
having only one exception [2, 1, 3]. The candidate is






Proof. Let L be a quinary Z-lattice representing all binary lattices except
[2, 1, 3]. We may assume that L = 〈1, 1, 1〉 ⊥ L0 for some lattice L0 by
the proof of Theorem 3.3.3. Since 〈3, 3〉 −→ L, L0 represents 3. Since
the lattices 〈1, 1, 1, 1〉, 〈1, 1, 1, 2〉 represent [2, 1, 3], we get µ(L0) = 3. Since
[4, 1, 4] X−→ 〈1, 1, 1, 3〉, L is isometric to one of the followings:











From the fact that






only one candidate survives.
Theorem 3.3.9. There are at most three almost 2-universal quinary Z-
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lattices having only one exception 〈1, 1〉. The candidates are
〈1, 2〉 ⊥
2 1 01 2 1
0 1 3
 , 〈1〉 ⊥

2 1 0 0
1 2 1 0
0 1 2 1
0 0 1 3
 , 〈1〉 ⊥

2 0 0 1
0 2 1 0
0 1 2 1
1 0 1 3
 .
Proof. Let L be a quinary Z-lattice representing all binary lattice except
〈1, 1〉. We may assume that L = 〈1〉 ⊥ L0 for some quaternary lattice L0








2 1 01 2 1
0 1 2
 .
Since L represents 〈1, 3〉, L0 represents 3. Hence L is isometric to one of the
followings:





, 〈1, 2〉 ⊥
2 1 01 2 1
0 1 3










2 1 01 2 1
0 1 2
 , 〈1〉 ⊥

2 1 0 0
1 2 1 0
0 1 2 1




2 1 0 0
1 2 1 1
0 1 2 0
0 1 0 3
 , 〈1〉 ⊥

2 1 0 1
1 2 1 0
0 1 2 1
1 0 1 3
 .
Deleting four lattices
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[2, 1, 4] X−→ 〈1, 3〉 ⊥
2 1 01 2 1
0 1 3
 , [2, 1, 5] X−→ 〈1〉 ⊥

2 1 0 0
1 2 1 1
0 1 2 0
0 1 0 3
 ,
we get three candidates.
Theorem 3.3.10. There are two almost 2-universal quinary Z-lattices hav-
ing only one exception [2, 1, 2] found so far. They are:






And there can be at most five more. The candidates are:












2 0 10 3 1
1 1 3
 , 〈1, 1〉 ⊥
2 0 10 3 1
1 1 4
 , 〈1, 1〉 ⊥
2 0 10 3 1
1 1 5
 .
Proof. Let L be a quinary Z-lattice representing all binary lattices except
[2, 1, 2]. Since [2, 1, 2] −→ 〈1, 1, 1〉, L does not represent 〈1, 1, 1〉. Since
〈1, 1〉, 〈1, 2〉 −→ L, L represents 〈1, 1, 2〉. Since 〈2, 3〉 X−→ 〈1, 1, 2〉, L has a
sublattice isometric to one of the followings:






From the fact that
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L is isometric to one of the followings:





, 〈1, 1〉 ⊥
2 0 10 2 1
1 1 3
 , 〈1, 1〉 ⊥
2 0 10 2 1
1 1 4
 ,























2 0 10 3 1
1 1 3
 , 〈1, 1〉 ⊥
2 0 10 3 1
1 1 4
 , 〈1, 1〉 ⊥
2 0 10 3 1
1 1 5
 .
From the following observation, Theorem 3.1.1 and Theorem 3.2.4, we
get the desired result.
[2, 1, 6] X−→ 〈1, 1〉 ⊥
2 0 10 2 1
1 1 3
 , 〈1, 7〉 X−→
2 0 10 2 1
1 1 4
 ,






[2, 1, 14] X−→ 〈1, 1, 2, 3, 3〉, [6, 3, 6] X−→ 〈1, 1, 2, 3, 4〉,











To sum up, we get the following 16 candidates for almost 2-universal
quinary Z-lattices having only one exception. The lattices marked bold face
are indeed almost 2-universal. Their almost 2-universalities are proved in
this thesis or other papers.
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exception 〈1, 1〉
〈1, 2〉 ⊥
2 1 01 2 1
0 1 3
 , 〈1〉 ⊥

2 1 0 0
1 2 1 0
0 1 2 1
0 0 1 3
 , 〈1〉 ⊥

2 0 0 1
0 2 1 0
0 1 2 1




















exception [2, 1, 2]


















2 0 10 3 1
1 1 3
 , 〈1, 1〉 ⊥
2 0 10 3 1
1 1 4
 , 〈1, 1〉 ⊥
2 0 10 3 1
1 1 5
 ,
exception [2, 1, 3]











In this chapter, we consider the Z-lattices which represent all binary diagonal
Z-lattices. Such Z-lattices are called diagonally 2-universal Z-lattices. We
prove that there are at most 34 diagonally 2-universal quinary Z-lattices, and
prove the diagonally 2-universalities of 29 candidates among them.
4.1 Candidates of diagonally 2-universal quinary
Z-lattices
Now we find all candidates for diagonally 2-universal quinary Z-lattices using
the escalation method. The following theorem gives the answer. In addition,
it will be used to find the criterion for diagonally 2-universality applying to
not only quinary Z-lattices but also Z-lattices with rank greater than 5.
Theorem 4.1.1. Let L be a diagonally 2-universal Z-lattice. Then L has a
quinary sublattice which is isometric to one of the followings:
〈1, 1, 1, 1, a〉 : a = 1, 2, 3, 4, 5,





: a = 0, 1, b = 2, 3,
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: a = 0, 1, b = 3, 4, 5, 6,
〈1, 1〉 ⊥
2 0 a0 2 b
a b c
 : a = 0, 1, b = 0, 1, c = 2, 3, 4, 5,
〈1, 1〉 ⊥
2 0 a0 3 b
a b c






⊥ 〈3〉, 〈1, 1〉 ⊥
2 1 01 2 1
0 1 3
 , 〈1, 1〉 ⊥
2 1 11 3 0
1 0 3
 .
Proof. Since L represents the binary lattice 〈1, 1〉, we have L ' 〈1, 1〉 ⊥ L0
for some Z-lattice L0. Since 〈1, 2〉 X−→ 〈1, 1, a〉 for a ≥ 3, the lattice L0
represents 1 or 2. Consider the case when 1 −→ L0 and the case when
1 X−→ L0, 2 −→ L0. Using the following properties, we get the desired
result.
〈3, 3〉 X−→ 〈1, 1, 1, a〉 for a ≥ 4,
〈3, 5〉 X−→ 〈1, 1, 1, 1〉, 〈3, 3〉 X−→ 〈1, 1, 1, 2〉, 〈1, 6〉 X−→ 〈1, 1, 1, 3〉,





for b ≥ 3,






Remark 4.1.2. Every quinary Z-lattices in above theorem is not diagonally
2-universal. We can verify that the following quinary Z-lattices are not di-
agonally 2-universal.
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, 〈7, 7〉 X−→ 〈1, 1, 1, 3, 4〉,
〈1, 7〉 X−→ 〈1, 1〉 ⊥
2 0 10 2 1
1 1 4
 , 〈1, 7〉 X−→ 〈1, 1〉 ⊥
2 0 10 2 1
1 1 5
 ,











〈3, 14〉 X−→ 〈1, 1〉 ⊥
2 0 10 3 1
1 1 6
 .
The above theorem and remark say that there are at most 39 diagonally
2-universal quinary Z-lattices. Among those,
〈1, 1, 1, 1, 1〉, 〈1, 1, 1, 1, 2〉, 〈1, 1, 1, 1, 3〉, 〈1, 1, 1, 2, 2〉, 〈1, 1, 1, 2, 3〉,






















2 1 01 2 1
0 1 2
 , 〈1, 1〉 ⊥
2 1 01 2 1
0 1 3

are 2-universal (see [8]), and





are almost 2-universal Z-lattices whose exceptions are only binary non-diagonal
lattices (see [6], [13], and theorems in previous chapter).
35
CHAPTER 4. DIAGONALLY 2-UNIVERSAL Z-LATTICES
4.2 Proof of diagonally 2-universality
In this section, we prove the diagonally 2-universalities of some candidates
for diagonally 2-universal quinary Z-lattices. The proof is nearly the same
to that in previous chapter.
Theorem 4.2.1. The following quinary Z-lattices
〈1, 1, 1, 1, 4〉, 〈1, 1, 2, 2, 2〉, 〈1, 1, 2, 2, 4〉,
〈1, 1〉 ⊥
2 0 10 2 1
1 1 3
 , and 〈1, 1〉 ⊥




Proof. Let L be one of the quinary Z-lattice given above. Then, the class
number of L is one and L is 2-universal over Zp for any odd prime p. Although
L is not 2-universal over Z2, one can easily check that L2 represents all
binary diagonal Z2-lattices. Therefore, L represents all binary diagonal Z-
lattices.
For the proof of diagonally 2-universality, we use the same method as
previous chapter. We want to show that ` −→ M ⊥ 〈n〉, where M is a
quaternary lattice, n is a positive integer, and ` is a binary lattice. In this
case, we only consider the binary diagonal lattice `. Let ` = 〈a, b〉, and define
`ns,t = [a− ns2,−nst, b− nt2] ' [a− ns2, nst, b− nt2].






= −1. Then s`s,t 6⊆ pZ for all primes p ∈ P. And the
remaining process is the same as previous chapter.
Theorem 4.2.2. The quinary Z-lattice 〈1, 1, 1, 3, 4〉 represents all binary di-
agonal lattices except 〈7, 7〉.
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Proof. Let ` = 〈a, b〉 be any binary diagonal lattice. Since the lattices
〈1, 1, 3, 4〉, 〈1, 1, 1, 4〉 are universal, 〈1, b〉, 〈3, b〉 −→ 〈1, 1, 1, 3, 4〉. Since 〈1, 2, 3, 4〉
is universal, 〈2, b〉 −→ 〈1, 2, 2, 3, 4〉 −→ 〈1, 1, 1, 3, 4〉.
Now assume that a, b > 3. Consider the quaternary sublattice M =
〈1, 1, 1, 4〉. Note that M has class number one and dM = 22. Thus,
` −→M if and only if ` −→M over Z2.
If ord2 (ab) = 1, then ` −→ M over Z2, and hence ` −→ L. Furthermore,
one may easily show that for any a ≡ b ≡ 3 (mod 4), 〈a, 4b〉 −→ M . If one
of a or b, say a, is congruent to 1 modulo 4, then ord2 (a− 3) = 1, and hence
`31,0 −→ M . Assume that a ≡ b ≡ 3 (mod 4). Suppose that one of a or b,
say a, is not contained in {7, 19, 23}. If a ≡ 3 (mod 8), then ord2 (a− 3) = 3
or a− 27 is positive and ord2 (a− 27) = 3. Hence `31,0 −→M or `33,0 −→M .
If a ≡ 7 (mod 8), then
a− 3
4
≡ 3 (mod 4) or a− 27 is positive and a− 27
4
≡ 3 (mod 4).
Therefore, `31,0 −→M or `33,0 −→M . If a, b ∈ {7, 19, 23}, then it can be easily
shown that all possible binary diagonal lattices except 〈7, 7〉 are represented
by L. If ord2 (a) = ord2 (b) = 1, then `
3
1,0 −→ M . Finally, if one of a or b is
divisible by 4, then ` is a sublattice of the binary diagonal lattice considered
in the above. Since 〈7, 28〉 −→ L, every binary diagonal lattice except 〈7, 7〉
is represented by L.
Theorem 4.2.3. The quinary Z-lattices















are diagonally 2-universal. And the quinary Z-lattice
〈1, 1〉 ⊥
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represents all binary diagonal lattices except 〈1, 7〉, 〈4, 7〉, 〈16, 7〉.
Proof. Let L be one of the lattices given above. Consider the quaternary
lattice M = 〈1, 1, 2, 2〉. It has class number one and dM = 22. Hence, for
a binary diagonal lattice `, ` −→ M over Z if and only if ` −→ M over Z2.
Note that





, M ⊥ 〈12〉 −→ 〈1, 1〉 ⊥
2 0 10 2 1
1 1 4
 ,











Using the similar method as the proof of Theorem 4.2.2, one can show that
the lattice M ⊥ 〈n〉 represents all binary diagonal lattices with only finitely
many exceptions, where n = 10, 12, 14, 18. Checking ` −→ L for all excep-
tions, the desired result follows.
Theorem 4.2.4. The quinary Z-lattices
〈1, 1, 1, 3, 3〉, 〈1, 1, 2, 3, 3〉
are diagonally 2-universal.
Proof. Note that(
〈1, 1, 1〉 ⊥ [2, 1, 2]
)3 −→ 〈1, 1, 1, 3, 3〉, (〈1, 1, 1, 2, 3〉)3 −→ 〈1, 1, 2, 3, 3〉.
Since 〈1, 1, 1〉 ⊥ [2, 1, 2] and 〈1, 1, 1, 2, 3〉 are 2-universal (see [8]), given two
lattices represents all binary lattices ` such that s` ⊆ 3Z. Now we may
only consider the binary diagonal lattices ` = 〈a, b〉 such that (a, b) 6≡ (0, 0)
(mod 3). Let M = 〈1, 1, 3, 3〉. One can easily show that M is 2-universal
over Zp for any prime greater than 3, and M2 represents all binary diagonal
Z2-lattices. Therefore, if ` −→ M over Z3, then ` −→ M over Z. Assume
that ` is Z3-primitive. If (a, b) 6≡ (1, 2), (2, 1) (mod 3), then ` −→ M over
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Z3. Suppose that (a, b) ≡ (1, 2) (mod 3). Then
〈a, b− 1〉 −→M, and hence 〈a, b〉 −→M ⊥ 〈1〉,
〈a− 2, b〉 −→M, and hence 〈a, b〉 −→M ⊥ 〈2〉, when a ≥ 4.
Since the lattice 〈1, 2, 3, 3〉 is universal by the 15-theorem, the binary lattice
〈1, b〉 is represented by 〈1, 1, 2, 3, 3〉 for all b.
Theorem 4.2.5. The quinary Z-lattice L = 〈1, 1, 1, 3, 5〉 is diagonally 2-
universal.
Proof. Let ` = 〈a, b〉 be any binary diagonal lattice such that 0 < a ≤ b. We
always assume that both a and b are square-free integers. By 15-theorem,
the quaternary lattices
〈1, 1, 3, 5〉, 〈1, 2, 3, 5〉, 〈1, 1, 1, 5〉, 〈1, 1, 1, 3〉
are universal. Hence 〈a, b〉 −→ L whenever a = 1, 2, 3, 5. Now we may
assume that a, b ≥ 6.
(Case 1) (a, b) 6≡ (0, 0) (mod 3) and (a, b) 6≡ (0, 0) (mod 5)
Consider the quaternary sublattice M = 〈1, 1, 1, 3〉 which has class number
one. Checking the local structure of the binary lattice `51,1 = [a− 5, 5, b− 5],
we can verified that `51,1 −→M over Zp for all primes p. Hence ` = 〈a, b〉 −→
M ⊥ 〈5〉 if `51,1 is positive definite. For a, b ≥ 6, there are only finitely many
cases that `51,1 is not positive definite. We can check that such lattices ` are
represented by L.
(Case 2) (a, b) ≡ (0, 0) (mod 3) and (a, b) 6≡ (0, 0) (mod 5)




it is enough to show that ` = 〈a, b〉 −→ M ⊥ 〈15〉 when 3 - ab and (a, b) 6≡
(0, 0) (mod 5). For the binary lattice `151,1 = [a − 15, 15, b − 15], we cas use
the method similar to step 1. Then we get ` −→ M ⊥ 〈15〉 with finitely
many exceptions. For example, 〈1, 5〉, 〈7, 7〉 are not represeted by M ⊥ 〈15〉.
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By a direct calculation, one can show that the binary lattices obtained by
scaling these exceptions are indeed represented by L.
(Case 3) (a, b) 6≡ (0, 0) (mod 3) and (a, b) ≡ (0, 0) (mod 5)
Let M = 〈1, 1, 1, 5〉. From that
(
M ⊥ 〈15〉
)5 −→ L, it is enough to show
that ` = 〈a, b〉 −→ M ⊥ 〈15〉 when 5 - ab and (a, b) 6≡ (0, 0) (mod 3). We
can verify the followings:
• If (a, b) ≡ (1, 1) (mod 4), then `151,1 −→M ;
• If (a, b) ≡ (1, 2), (2, 1), (2, 3), (3, 2), (3, 3) (mod 4), then `152,2 −→M ;
• If (a, b) ≡ (1, 3), (2, 2) (mod 4), then `151,2 −→M ;
• If (a, b) ≡ (2, 2), (3, 1) (mod 4), then `152,1 −→M .
Using the method similar to step 2, we get the desired result.
(Case 4) (a, b) ≡ (0, 0) (mod 3) and (a, b) ≡ (0, 0) (mod 5)
Let K = 〈1, 5〉 ⊥ [2, 1, 2]. From that
(
gen(K) ⊥ 〈15〉
)15 −→ L, it is
enough to show that ` = 〈a, b〉 −→ K ′ ⊥ 〈15〉 for some K ′ ∈ gen(K) when
gcd(ab, 15) = 1. It can be verified that `151,1 −→ gen(K) for all cases. Using
the method similar to step 2, we get the desired result.
Theorem 4.2.6. The quinary Z-lattices












〈1, 1, 1, 3〉 ⊥ 〈33〉, 〈1, 1, 1, 4〉 ⊥ 〈44〉, 〈1, 1, 1, 5〉 ⊥ 〈55〉
are sublattices of 〈1, 1, 1〉 ⊥ [3, 1, 4], and
〈1, 1, 2, 3〉 ⊥ 〈33〉, 〈1, 1, 2, 4〉 ⊥ 〈44〉
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are sublattices of 〈1, 1, 2〉 ⊥ [3, 1, 4]. And all the quaternary lattices
〈1, 1, 1, 3〉, 〈1, 1, 1, 4〉, 〈1, 1, 1, 5〉, 〈1, 1, 2, 3〉, 〈1, 1, 2, 4〉
have class number one. Using this, for a, b ≤ 33 ·32 = 297, we can verify that
` = 〈a, b〉 −→ L where L = 〈1, 1, 1〉 ⊥ [3, 1, 4] or L = 〈1, 1, 2〉 ⊥ [3, 1, 4].
The remaining process is the same as Theorem 4.2.5. We only provide
basic data for the proof.
Let











Note that K is locally 2-universal, and
(
gen(K)
)2 −→ L. Hence 〈2a, 2b〉 −→
L for all a, b. Now we may assume that a or b is odd.
(Case 1) (a, b) 6≡ (0, 0) (mod 11)
Let M = 〈1, 1, 2, 3〉, n = 33. Note that M ⊥ 〈33〉 −→ L. Then we can verify
the followings:
• If (a, b) 6≡ (0, 0), (0, 2), (2, 0) (mod 3), then `1,1 −→M ;
• If (a, b) ≡ (3, 6), (6, 3), (6, 6) (mod 9), then `1,1 −→M ;
• If (a, b) ≡ (3, 3) (mod 9), then `1,3 −→M ;
• If a ≡ 2 (mod 3), b ≡ 3 (mod 9), then `1,3 −→M ;
• If a ≡ 3 (mod 9), b ≡ 2 (mod 3), then `3,1 −→M ;
• If a ≡ 6 (mod 9), b ≡ 2 (mod 3), then `1,1 −→M or `1,3 −→M ;
• If a ≡ 2 (mod 3), b ≡ 6 (mod 9), then `1,1 −→M or `3,1 −→M .
(Case 2) (a, b) ≡ (0, 0) (mod 11)




We can verified that `111,1 −→ gen(K) for all cases.
Let





, M = 〈1, 1, 1, 3〉 and n = 33.
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Note that M ⊥ 〈33〉 −→ L.
For all cases, we can verify the followings:
• If (a, b) 6≡ (0, 0), (0, 2), (2, 0) (mod 3), then `1,1 −→M ;
• If (a, b) ≡ (3, 6), (6, 3), (6, 6) (mod 9), then `1,1 −→M ;
• If (a, b) ≡ (3, 3) (mod 9), then `1,3 −→M ;
• If a ≡ 2 (mod 3), b ≡ 3 (mod 9), then `1,3 −→M ;
• If a ≡ 3 (mod 9), b ≡ 2 (mod 3), then `3,1 −→M ;
• If a ≡ 6 (mod 9), b ≡ 2 (mod 3), then `1,1 −→M or `1,3 −→M ;
• If a ≡ 2 (mod 3), b ≡ 6 (mod 9), then `1,1 −→M or `3,1 −→M .
The followings are data for the proof of the diagonally 2-universality of
the five lattices
〈1, 1, 2, 3, 4〉, 〈1, 1, 1, 3, 6〉, 〈1, 1, 2, 3, 6〉,











By the following lemma, for the proofs of 〈1, 1, 1, 3, 6〉, 〈1, 1, 2, 3, 6〉, we need
not consider the case when (a, b) ≡ (0, 0) (mod 3).
Lemma 4.2.7. For any positive integers a, b, the binary diagonal lattice
〈3a, 3b〉 is represented by quinary Z-lattices
〈1, 1, 1, 3, 6〉, 〈1, 1, 2, 3, 6〉.
Proof. Note that(
〈1, 1, 2〉 ⊥ [2, 1, 2]
)3 −→ 〈1, 1, 1, 3, 6〉, (〈1, 1, 2, 2, 3〉)3 −→ 〈1, 1, 2, 3, 6〉.
Since the lattices 〈1, 1, 2〉 ⊥ [2, 1, 2] and 〈1, 1, 2, 2, 3〉 represent all binary
diagonal lattices by [8] and [6], we get the desired result.
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Let
L = 〈1, 1, 1, 3, 6〉
and M = 〈1, 1, 1, 3〉, n = 6. The followings are the conditions such that
`6s,t −→M over Zp where p = 2, 3:
(1.1) If a ≡ 3 (mod 4) or b ≡ 3 (mod 4), and (s, t) ≡ (1, 1) (mod 2), then
`s,t −→M over Z2;
(1.2) If (a, b) ≡ (2, 2) (mod 4), and (s, t) ≡ (1, 1) (mod 2), then `s,t −→ M
over Z2;
(1.3) If (a, b) ≡ (1, 1), (1, 2), (2, 1) (mod 4), and (s, t) ≡ (1, 0) (mod 2), then
`s,t −→M over Z2;
(2.1) If (a, b) 6≡ (0, 0), (0, 1), (1, 0) (mod 3), then `s,t −→ M over Z3 for all
s, t;
(2.2) If a ≡ 3 (mod 9), b ≡ 1 (mod 3), and 3 | s, then `s,t −→ M over Z3
for all t;
(2.3) If a ≡ 6 (mod 27), b ≡ 1 (mod 3), and s ≡ ±1 (mod 9), 3 - t, then
`s,t −→M over Z3;
(2.4) If a ≡ 6 (mod 27), b ≡ 1 (mod 3), and s ≡ ±2 (mod 9), 3 | t, then
`s,t −→M over Z3;
(2.5) If a ≡ 15 (mod 27), b ≡ 1 (mod 3), and s ≡ ±1 (mod 9), 3 - t, then
`s,t −→M over Z3;
(2.6) If a ≡ 15 (mod 27), b ≡ 1 (mod 3), and s ≡ ±2 (mod 9), then `s,t −→
M over Z3 for all t;
(2.7) If a ≡ 24 (mod 27), b ≡ 1 (mod 3), and s ≡ ±1 (mod 9), then `s,t −→
M over Z3 for all t;
(2.8) If a ≡ 24 (mod 27), b ≡ 1 (mod 3), and s ≡ ±1 (mod 9), 3 - t, then
`s,t −→M over Z3.
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For all cases, we can verify that `6s,t −→M for some
(s, t) ∈ {(1, 1), (1, 2), (1, 3), (1, 6), (3, 1), (3, 2)}.
Let
L = 〈1, 1, 2, 3, 6〉
and M = 〈1, 1, 2, 3〉, n = 6. The followings are the conditions such that
`6s,t −→M over Zp where p = 2, 3:
(1.1) If (a, b) ≡ (1, 1) (mod 2), then `s,t −→M over Z2 for all s, t;
(1.2) If (a, b) ≡ (2, 2) (mod 4), and (s, t) ≡ (1, 1) (mod 2), then `s,t −→ M
over Z2;
(1.3) If a ≡ 6 (mod 8) or b ≡ 6 (mod 8), and (s, t) ≡ (1, 1) (mod 2), then
`s,t −→M over Z2;
(1.4) If a - 2, b ≡ 2 (mod 8), and (s, t) ≡ (0, 1) (mod 2), then `s,t −→ M
over Z2;
(1.5) If a - 2, b ≡ 2 (mod 8), then `3,1, `3,3 −→M over Z2;
(1.6) If a ≡ 2 (mod 8), 2 - b, and (s, t) ≡ (1, 0) (mod 2), then `s,t −→ M
over Z2;
(2.1) If (a, b) 6≡ (0, 0), (0, 2), (2, 0) (mod 3), then `s,t −→ M over Z3 for all
s, t;
(2.2) If a ≡ 3 (mod 9), b ≡ 2 (mod 3), and 3 | s, then `s,t −→ M over Z3
for all t;
(2.3) If a ≡ 6 (mod 27), b ≡ 2 (mod 3), and s ≡ ±1 (mod 9), 3 - t, then
`s,t −→M over Z3;
(2.4) If a ≡ 6 (mod 27), b ≡ 2 (mod 3), and s ≡ ±2 (mod 9), then `s,t −→
M over Z3 for all t;
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(2.5) If a ≡ 15 (mod 27), b ≡ 2 (mod 3), and s ≡ ±1 (mod 9), then `s,t −→
M over Z3 for all t;
(2.6) If a ≡ 15 (mod 27), b ≡ 2 (mod 3), and s ≡ ±2 (mod 9), 3 | t, then
`s,t −→M over Z3;
(2.7) If a ≡ 24 (mod 27), b ≡ 2 (mod 3), and s ≡ ±1 (mod 9), 3 | t, then
`s,t −→M over Z3;
(2.8) If a ≡ 24 (mod 27), b ≡ 2 (mod 3), and s ≡ ±2 (mod 9), 3 - t, then
`s,t −→M over Z3;
(2.8) If a ≡ 24 (mod 27), b ≡ 2 (mod 3), and s ≡ ±4 (mod 9), then `s,t −→
M over Z3 for all t.
For all cases, we can verify that `6s,t −→M for some
(s, t) ∈ {(1, 1), (1, 2), (1, 3), (1, 6), (2, 1), (2, 3), (2, 5), (3, 1), (3, 2), (3, 3)}.
Let
L = 〈1, 1, 2, 3, 4〉
and M = 〈1, 1, 2, 4〉, n = 3. The followings are the conditions such that
`3s,t −→M over Zp where p = 2, 3:
(1.1) If (a, b) ≡ (0, 1), (1, 0) (mod 2) and (s, t) ≡ (1, 1) (mod 2), then `s,t −→
M over Z2;
(1.2) If (a, b) ≡ (1, 1) (mod 2) and (s, t) ≡ (0, 0) (mod 2), then `s,t −→ M
over Z2;
(2.1) If (a, b) 6≡ (0, 0) (mod 3), then `s,t −→M over Z3 for all s, t;
(2.2) If (a, b) ≡ (3, 3), (3, 6), (6, 3) (mod 9) and (s, t) ≡ (±1,±1) (mod 3),
then `s,t −→M over Z3;
(2.3) If (a, b) ≡ (6, 6) (mod 9) and (s, t) ≡ (±1, 0) (mod 3), then `s,t −→M
over Z3.
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For all cases, we can verify that `3s,t −→M for some
(s, t) ∈ {(1, 1), (1, 3), (2, 2), (2, 6)}.
Let





and M = 〈1, 1〉 ⊥ [2, 1, 3], n = 3. The followings are the conditions such
that `3s,t −→M over Zp where p = 2, 3, 5:
(1.1) If 2 | a and 2 - s, then `s,t −→M over Z2 for all t;
(1.2) If 2 - a and 2 | s, then `s,t −→M over Z2 for all t;
(2.1) If 3 - a, 3 - s or 3 - b, 3 - t, then `s,t −→M over Z3;
(2.2) If (a, b) ≡ (3, 3), (3, 6), (6, 3) (mod 9) and (s, t) ≡ (±1,±1) (mod 3),
then `s,t −→M over Z3;
(2.3) If (a, b) ≡ (6, 6) (mod 9) and (s, t) ≡ (±1, 0), (0,±1) (mod 3), then
`s,t −→M over Z3;
(3.1) If 5 - ab, then `s1,t1 −→ M over Z5 or `s2,t2 −→ M over Z5, where
s1 = s2 and t1 6≡ ±t2 (mod 5), or s1 6≡ ±s2 (mod 5) and t1 = t2;
(3.2) If 5 | ab and 5 - st, then `s,t −→M over Z5.
For all cases, we can verify that `3s,t −→M for some
(s, t) ∈ {(1, 1), (1, 2), (1, 3), (1, 6), (2, 1), (2, 2), (2, 3), (2, 6)}.
Let






(Case 1) (a, b) 6≡ (0, 0) (mod 7)
Let M = 〈1, 2〉 ⊥ [3, 1, 5], n = 1. The followings are the conditions such that
`1s,t −→M over Zp where p = 2, 7:
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(1.1) If (a, b) ≡ (1, 2), (2, 1), (2, 3), (3, 2) (mod 4) and (s, t) ≡ (0, 0) (mod 2),
then `s,t −→M over Z2;
(1.2) If (a, b) ≡ (2, 2) (mod 4) and (s, t) ≡ (0, 1), (1, 0) (mod 2), then `s,t −→
M over Z2;
(1.3) If (a, b) ≡ (1, 1), (5, 5) (mod 8), and (s, t) ≡ (2, 0), (0, 2) (mod 4), then
`s,t −→M over Z2;
(1.4) If (a, b) ≡ (1, 5), (5, 1) (mod 8), and (s, t) ≡ (2, 2) (mod 4), then `s,t −→
M over Z2;
(1.5) If (a, b) ≡ (1, 3), (3, 3) (mod 4), and (s, t) ≡ (0, 1) (mod 2), then `s,t −→
M over Z2;
(1.6) If (a, b) ≡ (3, 1), (3, 3) (mod 4), and (s, t) ≡ (1, 0) (mod 2), then `s,t −→
M over Z2;
(2.1) If 7 - ab, then `s1,t1 −→ M over Z7 or `s2,t2 −→ M over Z7, where
s1 = s2 and t1 6≡ ±t2 (mod 7);
(2.2) If 7 | a, 7 - b or 7 - a, 7 | b, and 7 - st, then `s,t −→M over Z7.
For all cases, we can verify that `1s,t −→M for some
(s, t) ∈ {(1, 2), (1, 4), (2, 1), (2, 2), (2, 3), (2, 4), (2, 6), (2, 8)}.
(Case 2) (a, b) ≡ (0, 0) (mod 7)
Let




)7 −→ L. We can verify the followings when 7 - ab:
(1) If (a, b) ≡ (1, 2), (1, 3), (2, 1), (2, 3), (3, 1), (3, 2) (mod 4), then `2,2 −→
M ;
(2) If (a, b) ≡ (1, 1), (2, 2) (mod 4), then `1,2 −→M ;
(3) If (a, b) ≡ (3, 7), (7, 3) (mod 8), then `2,2 −→M ;
47
CHAPTER 4. DIAGONALLY 2-UNIVERSAL Z-LATTICES
(4) If (a, b) ≡ (3, 3) (mod 4), then `2,1 −→M or `2,3 −→M .
To sum up all, we get the following result:
Theorem 4.2.8. There are 34 diagonally 2-universal quinary Z-lattices found
so far, and there can be at most 5 more. They are:
〈1, 1, 1, 1, 1〉, 〈1, 1, 1, 1, 2〉, 〈1, 1, 1, 1, 3〉, 〈1, 1, 1, 1, 4〉,











, 〈1, 1, 1, 3, 3〉, 〈1, 1, 1, 3, 5〉, 〈1, 1, 1, 3, 6〉,





, 〈1, 1, 2, 2, 2〉, 〈1, 1, 2, 2, 3〉, 〈1, 1, 2, 2, 4〉,





















, 〈1, 1〉 ⊥
2 0 10 2 1
1 1 2
, 〈1, 1〉 ⊥
2 0 10 2 1
1 1 3
, 〈1, 1〉 ⊥








⊥ 〈3〉, 〈1, 1, 2, 3, 3〉, 〈1, 1, 2, 3, 4〉, 〈1, 1, 2, 3, 5〉,






















2 0 10 3 0
1 0 3
, 〈1, 1〉 ⊥




, 〈1, 1〉 ⊥










, 〈1, 1〉 ⊥




, 〈1, 1〉 ⊥
2 1 11 3 0
1 0 3

The Z-lattices with ]-mark are not yet determined to be diagonally 2-
universal.
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4.3 Criterion for diagonally 2-universality
For a Z-lattice L, it is diagonally 2-universal if it contains a diagonally 2-
universal quinary sublattice. But the converse is not true. Consider the Z-
lattice
L = 〈1, 1, 1〉 ⊥
3 1 11 3 1
1 1 3
 ,
which does not contain any diagonally 2-universal quinary sublattices. Note
that L represents the lattices 〈1, 1, 1, 3, 4〉 and 〈7, 7〉. Hence L is diago-
nally 2-universal by Theorem 4.2.2. For the characterization of diagonally
2-universality, we need information about all quinary Z-lattices in Theorem
4.1.1, as well as diagonally 2-universal quinary Z-lattices.
By [9], there exists a finite set S consisting of binary diagonal Z-lattices
such that any Z-lattice representing every element of S is diagonally 2-
universal. The following theorem gives the partial answer.
Theorem 4.3.1. A diagonal Z-lattice is diagonally 2-universal if and only
if it represents the following seven binary diagonal Z-lattices in the set:
D = {〈1, 1〉, 〈1, 2〉, 〈1, 6〉, 〈2, 6〉, 〈3, 3〉, 〈3, 5〉, 〈7, 7〉}.
Moreover, a set D′ of binary diagonal Z-lattices satisfies the condition that
every diagonal Z-lattice representing all binary diagonal lattices in D′ is di-
agonally 2-universal if and only if D′ contains
Dα,β = {〈1, 1〉, 〈1, 2〉, 〈α, 6〉, 〈β, 6〉, 〈3, 3〉, 〈3, 5〉, 〈7, 7〉},
where α = 1 or 4 and β = 2 or 5.
Proof. Let L be a diagonal Z-lattice which represents all binary diagonal
lattices in D. From the proof of Theorem 4.1.1, we see that any diagonal
lattice representing the following six binary diagonal lattices,
〈1, 1〉, 〈1, 2〉, 〈1, 6〉, 〈2, 6〉, 〈3, 3〉, and 〈3, 5〉,
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has a sublattice which is isometric to one of the quinary diagonal lattices in
the list of Theorem 4.1.1. These quinary diagonal lattices are all diagonally
2-universal except the lattice 〈1, 1, 1, 3, 4〉. Since 〈7, 7〉 −→ L, for all cases,
L is diagonally 2-universal by Theorem 4.2.2.
For the second assertion, let D′ be a set of binary diagonal lattices such
that every diagonal lattice that represents all binary diagonal lattices in D′
is diagonally 2-universal. Since the lattice 〈1, 1, 1, 1, 1〉 is 2-universal, the
diagonal lattice 〈2, 2, 2, 2, 2〉 ⊥ 〈1, 3〉 represents all binary diagonal lattices
except 〈1, 1〉. By [6], the diagonal lattice 〈1, 1, 1, 2, 4〉 represents all binary
lattices except 〈3, 3〉. The diagonal lattice 〈1, 1, 1, 3, 4〉 represents all binary
diagonal lattices except 〈7, 7〉 by Theorem 4.2.2. One may show that the
diagonal lattice 〈1, 1, 1, 1, 6〉 and 〈1, 1, 3, 3, 4, 5〉 represent all binary diagonal
lattices except 〈3, 5〉 and 〈1, 2〉, respectively. Hence, D′ should contain the
five binary diagonal lattices
〈1, 1〉, 〈1, 2〉, 〈3, 3〉, 〈3, 5〉 and 〈7, 7〉.
The diagonal lattice 〈1, 1, 1, 3, 7, 8〉 represents all binary diagonal lattices ex-
cept 〈1, 6〉 and 〈4, 6〉 by Theorem 3.1.2. Hence, D′ should contain the binary
quadratic form 〈1, 6〉 or 〈4, 6〉. The diagonal lattice 〈1, 1, 2, 3, 7, 8〉 represents
all binary diagonal lattice except 〈2, 6〉 and 〈5, 6〉 by Theorem 3.1.3. There-
fore, D′ should contain Dα,β, where α = 1 or 4 and β = 2 or 5.
Conversely, one may easily show that any diagonal lattice representing
all binary diagonal lattices in Dα,β is diagonally 2-universal for any α and β
given above. In fact, the assertion follows directly from Theorem 4.1.1 if we
use the fact that 〈1, 6〉 ' 〈4, 6〉 and 〈2, 6〉 ' 〈5, 6〉 over Z3. This completes
the proof.
Remark 4.3.2. Note that there exist non-diagonal Z-lattices that represent
all binary diagonal lattices contained in the set D, but are not diagonally
2-universal. By Theorem 3.2.2 and 3.2.1, the quinary Z-lattices
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represent all binary diagonal lattices except only one, and the exceptions are
〈1, 10〉 and 〈2, 3〉, respectively. By Theorem 4.2.3, the quinary Z-lattice
〈1, 1〉 ⊥
2 0 10 2 1
1 1 4

represents all binary diagonal lattices except 〈1, 7〉, 〈4, 7〉, 〈16, 7〉. From the
fact that the quinary Z-lattice





has class number one, we can verify that it represents all binary lattices ` such
that ` 6' 〈3, 7〉 over Z2. These four Z-lattices represent all binary diagonal
lattices in the set D, but they are not diagonally 2-universal.
We believe that a Z-lattice is diagonally 2-universal if and only if it rep-
resents all binary diagonal lattices in the set
D ∪ {〈1, 7〉, 〈1, 10〉, 〈2, 3〉, 〈3, 7〉, 〈3, 14〉, 〈7, 35〉}.
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국문초록
이 논문에서는 5변수 이차형식에 의한 2변수 이차형식의 표현에 관련된 다양
한 문제를 다룬다. (양의 부호, 정수 계수) 이차형식 중에서 유한 개를 제외한
모든 (양의 부호, 정수 계수) 2변수 이차형식을 표현하는 것을 ‘거의 모든 2-보
편’이라고한다. 거의모든 2-보편인 5변수대각이차형식의후보 3개가실제로
거의모든 2-보편이된다는것을증명한다. 그리고예외가하나뿐인거의모든
2-보편인 5변수 이차형식이 최대 16개가 있고, 이 후보 중 몇 개의 거의 모든
2-보편성을 증명한다. (양의 부호, 정수 계수) 이차형식 중에서 (양의 부호,
정수 계수) 2변수 대각 이차형식을 모두 표현하는 것을 ‘대각 2-보편’이라고
한다. 대각 2-보편인 5변수 이차형식이 최대 34개가 있고, 이 후보 중에서 29
개의 대각 2-보편성을 증명한다.
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